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Contents

* Concepts & Terminology
* Signal representation: Time and Frequency domains
* Fourier Series

e Fourier Transformation
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Frequency, Spectrum & Bandwidth

 Time-domain concepts

RHH

Analogue signal
* Varies in a smooth, continuous way in both time and amplitude
Digital signal

* Maintains a constant level for some time and then changes to
another constant level (i.e. amplitude takes only a finite number of
discrete levels)

Periodic signal

e Same pattern repeated over time, e.g. sine wave or a square wave
Aperiodic signal

e Pattern not repeated over time

Slide Set 4



RHH

Analogue & Digital Signals

A ,IO?I!] values on the time and amplitude axes are allowed
mplitude

(volts)

y

3

Analogue

» lime

Amplitude
(volts)

y

3

Digital

-

(a) Analog

Only a few amplitude levels allowed

Binary signal: 2 levels

I I I

(b) Digital
Slide Set 4
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Periodic Signals - /\ /\Temp“a' Period
"y R I\ /
il t t+1T t+2T Time
For any periodic wave: Al
- period = "= Lif —‘
S (t+nT) - S(t), O S t < T (a) Sine wave
where :
t is time over first period z -
T is the waveform period % |
n is an integer F e
Signal behaviour over one period L —

describes behaviour at all times

(b)) Square wave

RHH Slide Set 4 5



Aperiodic (nhon periodic) signals
in time

Amplitude

{VO”-S) W

Amplitude
o (volts)

» [iMme

0 —
- X/2 + X/2 t

RHH Slide Set 4



Continuous Versus Discrete

Availability of the signal over the horizontal axis
(Time or Frequency)

Continuous: oS

A

Signal is defined
at all points on

the horizontal axis —

» [iMe

Amplitude

Discrete: Sampling with
1 a train of very narrow

Signal is defined \/ pulses (delta function)

Only at certain points
on the horizontal axis ’ ‘ ‘ ‘

» [iMe

RHH Slide Set 4 7



s
1.0

Sine Wave /I\ 7\

.5

S(t) = A sin(2nf t +®).| 1A %wlue /

* Peak Amplitude (A) \/T (Period) BV

— Peak strength of signal, volts

L 1.4 1.55¢0¢
{di A =1,F=1.0 =mwH4

Repetition Frequency (f), Cycles/s = Hz
— Measures how fast the signal varies with time
— Number of cycles per second (Hz)

A

- f=1/T (secs/cycle) f = cycles/sec = Hz

Angular Frequency (w), Radians/s

w = radians per second = 21tf = 211/T
* Temporal (time) Period, T=1/f / "
* Phase Angle (@), Radians T

— Determines relative position in time, radians (how to calculate?)
RHH Slide Set 4 8



Varying one of the 3 parameters of a
sine wave carrier s (t)=A sin(21ft

[ 4
1.4r 1.55cc
I.S-._fz . =1

L5

e =1 =2 a=0
RHH Slide Set 4



Sine Wave Travelling in the
positive X direct% s(t)= A sin

Fo( |lo(oin%(p o-n tge) V\llta)e:

k = Wave Number

w= Angular Frequency

=211/ ) =2Tmf =21/ T
Total phase att = 0: kx - @ (0) = kx A = Spatial Period =XVaveIength
AX \\‘ >\\
Total phase at t = At: k(x+ Ax) - w (At) A-
Y
Same total phase, i m m
Ukx = k(x+ Ax) - w (At) 0
Uk Ax = w At / Distance x

Wave propagation velocity v = Ax / At

v=wk =ANT=A\f
- Show that the wave
s(t) = Asin (k x + wt]
travels in the negative x direction

+ve x direction

Direction of wave travel, at veIoc[b

v = A\f

V is constant for a given

RHH

Slide Set 4

wave type (e.g. sound)
and medium (e.g. air) 10



Wave Propagation Velocity, vm/

Constant for:
> A any given wave type (e.g. electromagnetic, seismic, ultrasound, etc)
> and a given propagation medium (air, water, optical fibre, etc)

For all types of waves: v=Af

For a given wave type and medium (given v): higher frequencies
correspond to shorter wavelengths and vice versa.

Electromagnetic waves
Shorter wavelength - Higher frequency

long wave radio (km), short wave radio (m), microwave (cm)... light (nm)

For electromagnetic waves:
- In free space, v = speed of light in vacuum,v=c=3x 108 m/s

— Over other guided media (coaxial cable, optical fibre, twisted pairs):
v is always lower than c

RHH Slide Set 4 11



Wavelength, A (meters)

* Is the spatial period of the wave:
i.e. distance between two successive points in
space on the wave propagation path where
the wave has the same phase

* Also itis the distance traveled by the wave
during one temporal (time) cycle:

d,=vT=(Af) T=A

RHH Slide Set 4
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RHH

Frequency Domain Concepts

Response of systems to a sine wave is easy to analyse

But signals we deal with in practice are not all sine waves,
e.g. square waves in case of digital signal.

Can we relate waves we deal with in practice to sine
waves? YES!

Fourier analysis shows that any signal can be treated as
the sum of many sine wave components having different
frequencies, amplitudes, and phases.

This forms the basis for frequency domain analysis

For a linear system, its response to a complex signal will
be the sum of its responses to the individual sine wave
components representing that signal.

Dealing with functions in the frequency domain is simpler
than in the time domain

Slide Set 4 13



Addition o NV \\lFundamema' / N\
Two A=1*4m |
f = f| 0
requency ) \/ \/
fre q u e n C y . 00T 05T mﬁij:':;m 15T 20T
; ! . 1/3 rd,the Amplitude
C om p onen tS ":5 3rd harmonic| 3 times the freqyency
A= By @4m| " \J /N \\V/} /2
frequency = 3f| ¢
Frequency Spectrum Lo
) LIXIY . L5T [hH”jH:I.:I; . 1.5T 20T
) 1.0 AVA Approaching A\.IA
Fourier Series / T, X \a M wav?/ \

/

\

N

=

|

1 1
n b7 ¥

- f

Fourier Series

Frequency Domain: s(f) vs f

Time Domain: s(t) vs t

G

RHH Discrete function in f Slide Set 4

Periodic function in t

" I —
A~ A
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Asymptotically approaching a square wave by
combining the fundamental + an infinite number

of Odd harmonics at prescribed amplitudes

1.5

1 4=p

051 Adding more

of the higher

0 - harmonics

-0.5 1

square signal, sw(t)

1 4

-1.5

0 2 4 6 8 10

RHH Slide Set 4
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Frequency Domain Representations:
A single square pulse (Aperiodic signal)

i
1.2X

1.0X

c(f) = sin(f)/f

s(t)

AN

h.6X

Fourier Transform

04X

h.2X

=)

n.0x

02X 4=

-0h4X

—>

0

1/X

RHH

X

XX

Frequency Domain: S(f) vs f

To o < > To oo
| 0 _t
1t
-X/2 + X/2
To 00 ﬁ
i
six frequency ti
ime

Fourier Transform

Continuous Function in f

Time Domain: s(t) vs t

S

Aperiodic function in t

* What happens to the spectrum as the pulse gets broader ... DC ?

* What happens to the spectrum as the pulse gets narrower ... spike ?

Slide Set 4
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Spectrum & Bandwidth of a signal

* Spectrum of a signal
- Range of frequencies contained in a signal
* Absolute (theoretical) Bandwidth (BW):
— Is the full width of spectrum = fmax- fmin
— But in many situations, fmax = !
(e.g. a square wave), so: s(f,“
* Effective Bandwidth | .
— Often called just bandwidth IR
— Narrow band of frequencies containing most of the
signal energy
— Somewhat arbitrary: what is “most™?
- e.g. contains say 95% of the energy of the signal

RHH Slide Set 4 17




Signals with a DC Component

NO DC Component,
Signal average over a period = 0

A YA

ANV A

[~

N/

if 4

1.2 /

1.0 ==

.8

r..\_r; 1V DC Level

i 2f? ¥ i
1 .
[)&)%’fgﬁ\er%gnent.
21

RHH

i

Slide Set 4

0.57

NS
|

the component at zero frequency - Determines if fmin = 0 or not

18



Bandwidth for these signals:

fmin fmax | Absolute | Effective
BW BW

| 1f | 3f | 2f | of
N = (fmax- fmin)
N [ 0 3f 3f 3f
i m ¥
N
\\
] 0 00 00 1/X ?

RHH

" slide Set 4
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Bandwidth of a transmission system

[s the Range of signal frequencies that
are adequately passed by the system

Effectively, the transmission system
(TX, medium, RX) acts as a filter

— Poor transmission media, e.g. twisted
pairs, have a narrow bandwidth

— This effectively cuts off higher
frequency signal components

—> poor signal quality at receiver

-> limit the signal frequencies (Hz)
that can be used for transmission

—> this limits the data rates that can be
used (bps), examples:
* Twisted pair: 4 KHz BW = 10’s of Kbps
e Optical fiber: 4 THz BW = 10’s of Gbps

RHH Slide Set 4

S(f)

40

w
(=]

toss (dB/mile)
%]
=)

-
o

~ Twisted Pair Wire |7

T T ]

Loaded

Pass Band

4T/ |

Frequency (kHz)

Stop Band
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Limiting Effect of System Bandwidth

Received Waveform

E BW = 2f
o
- f 3f
2\ 8
5| = |2 -
(_U 6 A -;
5| E |2 T
s| B |8 BW = 4f .
HEAE
S| o |& f 3f 5f @ | Bl El
-"E‘_D- -E Q_) PUER B TR 2 R TR T TR LT e S |
o > |a
O (- «©
°| 8 |9
= os)
g = 1,3.5,
5 BW = 6f | ; b 1
o | > -
S f 3f 5f 7f | : o]
E @ b e 2 b 1R e o A ) L e 2 S0 T 1 2T )
BW=0 |} .
4 - 1 1 I -ﬂ ’315’7A¥
s(t)= — ; —sin(21kft) | S
T rofTi-1k | o R Ei
Fourier Series for a Square Wave f 3f 5f 7f....®
RHH Slide Set 4 @
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System Bandwidth and Achievable
Data Rates

* Any transmission system supports only a limited range of
frequencies (bandwidth) for satisfactory transmission

* For example, this bandwidth is largest for expensive optical
fibres and smallest for cheap twisted pair wires

e So, bandwidth is money - Economize in its use

* Limited system bandwidth degrades higher frequency
components of the signal transmitted

[1 poorer received waveforms

[1 more difficult to interpret the signal at the receiver
(especially with noise) 1 Data Errors

* More degradation occurs when higher data rates are used

(signal will have higher frequency components)
RHH Slide Set 4 22



Fourier Analysis

Signals in Time

l
Periodic Aperiodic

L ol

23456739101112%31V\ _'101'”'I""“""'2“5 /\

Discrete Continuous Discrete Continuous
DFS FS DFT FT
Use Fourier Series (FS) Use Fourier Transform (FT)
FS : Fourier Series
DFS : Discrete Fourier Series
FT : Fourier Transform

DFT : Discrete Fourier Transform
RHH Slide Set 4 23



Fourier Series for periodic signals

Any periodic signal x(t) of period T and repetition
frequency f, (f, = 1/T) can be represented as an infinite sum

of sinusoids of different frequencies and amplitudes - its
Fourier Series expressed in two forms:

1. The sine / cosine form: Frequencies
are multiples

of the fundamental
2]

x(t) = —°+ Z |4, cos(2nf{t) + B, sin(2mnfyt)]  wequencyt,

\/
f, = fundamental
2 T
A== Ix(t)dt A, = —IX(t) cos ()dt  =f(n)
0

All integrals are over

Two components
at each frequency

If A, is not O, one period only 7
x(t) has a DC B = — I x(t)sin(2nnf t)dt =f(n)
component I

RHH Slide Set 4 24



Fourier Series for periodic signals

2. The Amplitude/Phase Form

* Previous form had two components at each frequency (sine,
cosine i.e. in quadrature) : A , B_coefficients

* The equivalent Amplitude-Phase representation has only one
component at each frequency: C , 6_

* Derived from the previous form using trigonometry:

COS (a) cos (b) - sin (a) sin (b) = cos [a +b] Now we have

Only one component
C/ at each frequency nf,
x(£)= =2+ Z |CGcos(2nnf,t + 0

Now components

' ’ _ > > have different
The C’'sand 8’s CO — AO Cn - \/An + Bn amplitudes,

are obtained frequencies
from the previous ) ’

A’s and B’s using g = tan‘l Bn C, and phases
the equations: n A
n

RHH Slide Set 4 Ay 25



Fourier Series: General Observations

10 00
— E A cos(2nnf.t)+ B

x(t) =
/

Function

3

Even Function

\i Odd Function

Function

Series

it

et

1 T
[ x(¢)dt= 0
rl

A, =
2DC=0

ven Function

S

x(t) = x(-1)
Symmetric about Y axis

B, =0;

for all n

~unction
‘A 4~ | Symmetric about the origin

X(t) = - x(-t)

A, =0;
for all n

RHH

Slide Set 4

; sin(2nnf0t)] <— Fourier Series Expansion
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RHH

Squarc wave

A

-A el

d4A 1
T(cm- =3 cos 3 agt

1 1
+ ot § - 0O +
b oo 3wy Tum?w.; =, ..)

Triangular wave

BA
— e k! L cos 3wyl
5|_ g

1 =
+ Etx:ﬁ Sopf + .. 0)

Sawtooth wave

/||/1/1

< Xt

e
%{sin gt = %ain?wﬁ

+ %ein Jeay — %-ﬁn dant+ ., )

Half-wave rectified cosinc

P s Py

——

L ST 2
";l‘l + Fo0san T Ecus‘lu.l,i

3 3 11 EvEn
i—ium. dami + EH cig byt
L 2 |
R J? _lmnmjr Sk

Full-wave rectified cosine

1 ! 2
"’Tu + 2005 Zunt — 53 005 4wl

Al
| iy — e argp 1y
; ; +55-ﬂmﬂwﬁ P 1}2 | n:_icmrrmﬁ
| J ¥ reven
T 1

Pulse 1rain
Ad[ 14 "'{im-F = 08 ai

AI-Ll

| |_I ., &in 2amd sin 3=d
: | L J : S ons Zoagi 4 Tod U LT
=i T ==
— T +..J] d=0T

Slide Set 4

Figure 2.17 from

Stallings W. (1997) Data and
Computer Communications, 5th
Edition

which you can download on my
site in the intr@web server at

http://intraweb/~rh/download/ne
tworking.html

27
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Fourier Series Example

-3/2

1

y X(1)

-1/2

1/2

372

1

<

T

>

Note: (1) x(—t)=x(t) L] x(t) is an even function

2)f,=1/T="%Hz

T
A, = 2 I
NI %
Note: AO by definition
is 2 x the DC content

RHH

x(t)dt = % '[) x(t)dt = 2J(’) x(t)dt = 2[ '([) ldt +

1/2

= 2{[1]y" - [t],,} = O

Slide Set 4

Il - 1]dt

1/2



COnt... 12 1 1/2 1 2

] 32 -1 3] I
| < >
T
57 47" !
A - FJ x(t)cos(2nmnf,t)dt = = J x(t)cos(2mnft)dt - 2J' x(t)cos(2mnf,t)dt
0
1/2
=2 Icos(Zﬂnﬁ]t)dH 2 I— cos(2znf t)dt = 0forneven
1/2 fO =1/2 = 4 in 7% forn odd
27 o T2 e
B = ?J' X(t) Sln(Zﬂnfot)dt - ? J (t) Sln(ZITnfOt)dt a function of n only
0Take period as —T/2to +T/2 =~ -T1/2
) 0 | 2 in the first integral:
= = J' x(t)sin(2nnf t)dt + P J' x(t) sin(2nnfyt)dt - Replace ¢ by —¢
“112 0 - Swap limits
2 T/2 2 T/2
= - — [ x(-t)sin(-2nnf t)d(- t)+ — I x(t)sm(2rnf t)dt = 0
I3 . \ I 4
- sin(21mf't) Then Bn =0 for all n

X(t), since x(t) 1s an even function
RHH Slide Set 4 29



Cont...

x(1) = % + z.o [An cos(2m
n=1

nf,t)+ B, sin(2mnf,t)]

AO — O’ fO = %, SO
B. =(Q for all n, 2l = i
A =0 for n even: 2,
= (4/nm) sin (n1Y2) for n odd: 1, Original x(t)
oo 4 ni v is an even
x(1)= 'Y —sin— cosnt . function!
) ni 9 Amplitudes,
n=1,odd  ‘ n odd
4 4 4 4
x(t)= —cosnt - —cos3mt + —cosSmt - —cos7mt + ...
m 3m Sm n

O

4 1 1
x(t)= —Dcosﬂt - —Ccos3mt + —cosSmt - lcos77Tt + E
O

m /\ 3 NS 7

2 1(1/2) t 213 (1/2) t Cosine is an even function
f0=% >  Fundamental 31 Harmonic O
RHH Slide Set 4



Another Example

Previous
Example I x](t)
—=_ i
lll’
2 -1 1 2
S— S 1 S
T
< >

Note that x1(-t)= -x1(t) L] so, x(t) is an odd function
Also, xI(t)=x(t-1/2) This waveform is the previous waveform shifted right by 1/2

xI(¢) = ;Ecoant- lH l<:os3lT Ht- 1H+ lcosSlTHt- lH lcos m Ht- lHE

7 20 3 1 20 5 1 20 7 0 2]
+...

RHH Slide Set 4 31



Another Example, Contd...

4] nh 1 g, 1 st 1 T L
xl(t)= — cosHﬂt- —H- —cosHSﬂt- H+ —cosHSﬂt- —H —cosH7ﬂt- H
0 20370 205 0 207 0 20
417 . . . . "
x1(z) = —Esmnﬁ — s 37t + gsm St + ;S1n7ﬂt+ . Sine is an odd function
n
x1(¢) = i - —sin(2nkf;t) As given before for the square wave
m kodd,k:lk 0 on slide 30.
Because: cos E”t' %@: SIn e Cos @3ﬂt- 37”@: - sin 3¢
H _SITH_. H _77TH__.
cos [J5m¢ - —[ = sin Sm¢ cos J7mt- —[= - sin/m¢
[ 210 [ 2 1
RHH etc.

Slide Set 4 32



Fourier Transform

* For continuous aperiodic (non-periodic) signals in time, the
spectrum consists of a continuum of frequencies (not

discrete components)

— This spectrum is defined by the Fourier Transform

— For a signal x(t) and a corresponding spectrum X(f), the

following pair of relations hold

00 00
- - j2nft - j2nft
X(f)= [xe™dr x0)= [X(Nedf
Imaginary j@
0 - e
T2 >0  nfy>f "y
Forward FT (from time to frequency) Inverse FT (from frequency to time 8 X
. . cos @ Real
- . . 8 _ .
e " = cosf - jsinf e”” = cosf + jsin \j/
- Obtain sin and cos in terms of ej9 and e /9 e

X(f) is always complex (Has both real & Imaginary parts),

even for x(t) real.
RHH Slide Set 4
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(non-periodic (Continuous
in time) in Frequency)
Signal x (1) Spectrum X ()

Heotanpular pulse
al = Pulse Area
| Ay S0 Sinc function
- wfr

| 'I ! _il I /

I'I:I'.:" | I'I'l |
\ "-:I. Triangular pulse I". I'I,III'.
A AL
II|I'I-I'-. _.'|',Il|

ALY Al= . . 1Y
“;l:" Pulse Area e Sinc? function
:\nll |,II'.I'-I' / nfe I Il

{ f I.I I =T T I |
II II || |I ||
I I |
||I || | I'I I Sawioath pulse
| |I I|I I' |I |
| A A [sn oy
|I| I| { | 2uf T
f (l {f
| || |II | .. 3 r
I|I |II|'I|
IIII { I,' I-I Cosine pulse

Zdr %
> 1—4af
F

Slide Set 4
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Fourier Transform Example

| e’ - e/ [
oo = 0" <L ()
1 2 0 A
g e’ + ¢/ [
COSU -
% ) E -1/2 1/2

X(f)= ]o'x(t) e " dt

- 00

T/2
_ A . /2 | Sin(x)/
X(f) - I Ae ]2nﬁdt - - —e s2nfe| i.(;fl“:inc)’(’
79 ]27Tf ~T7 /2|  function
A QMR- g AR Y Hnﬁ Hﬁsin(nﬁ)ﬁ_ %Sin(ﬂﬁ)%
an 2] E nfo 1 Og nf ’ mft

Area of pulse

RHH Slide Set 4 In time domain 35



Fourier Transform Example,

contd. (/)
SIN(TTJT
X =
Constant »’ n f T
Sin (x) / x
Lim ., (sin X)/x = (cos x),.,/1 =1 “sinc” function

First zero in the

Frequency spectrum:

sintTfit =0

Tt =TT

f=1
4 Study the effect of the pulse width T
- RHH Slide Set 4
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—m

The narrower a function is
in one domain,

the wider its transform is
in the other domain

e

P L

== "‘f, Lo
L=

Time Frequency [

A very sharp
Pulse (0 width) '

The Extreme Cases

DC




Power Spectral Density & Bandwidth

RHH

Power spectral density (PSD) describes the distribution of
the power content of a signal as a function of frequency

Absolute bandwidth of any time-limited signal is infinite
For periodic signals = Fourier Series, Discrete Spectrum:

Luckily, strength of the nth harmonic component gets
smaller with larger n

i.e. most of the signal power will be concentrated in a
finite band of lower frequencies

Effective bandwidth is the width of the spectrum portion
containing most (e.g. 95%) of the total signal power

We first determine this total signal power for the signal in
the time domain

Slide Set 4
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Signal Power in the time domain

* Signal is specified as a function s(t) representing signal voltage or current
* Assuming resistance R=1 Q,
Instantaneous signal power (t) = v(t)?/1=i(t)?*1 = [s(t)|?

Total signal power (i.e. due to all its frequency components) is taken as

the average of the instantaneous signal power over a given interval of
time = constant

1
PTotal - 12 —r1

2 5
I lx @)|” dr
1
* For periodic signals, this averaging is usually taken over one period, i.e.
1 g 2
P ., =— s(1)| dt
ot = 3 IO
* This measure in the time domain gives the total signal power (i.e. in all its
harmonic components up to f = =)
* Effective BW is then determined as that containing a specified portion

(percentage) of this total signal power

RHH Slide Set 4
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Signal Power in the Frequency Domain:

Periodic signals
* For periodic signal we have a discrete spectrum (the F Series):

x(t) = %+ Z |C, cos(2nnfyt +6)] 1h11 .

- For a DC component, Power =V 2 %
— For AC Components Power = Vrmsz= Vpeak2 (use equation on previous slide)

* Power spectral density (PSD) is a discrete function of frequency:

CJ > B

2 ><5(f)+—ZC xo(f —nf,)

Where 0(f) is the Dirac delta functlon 0(f )= { Ly =0

0f%0
* Total signal power (watts) up to the jth harmonic is:
_1 L, 1 &
P —C5 + 5 Z C:

Upto the j th Component 4

PSD =

(A quantity, summation of PSD components- not a function of a frequency)

RHH Slide Set 4 40



Example

* Consider the following signal

: 1 . | |
x(2) = Elsmnt t gsml’»ﬂt t gsm Sme ¢t ;S1n7ﬂt E (No DC)

* The PSD is: (A\imction of Frequency)

PSD(f)* %[126 (f - 0.5)+ (%)26 (f - 15)+ (%)26 (f - 2.5)+ <§)25 (f - 3.5)]
All positive components

* The signal power is: (A quantity)

Power]1,3,5,7thharm0nics = %El-l- l + : u : E: 0.586 watt

RHH Slide Set 4 41



Signal Power in the Frequency Domain: Aperiodic
S(f) Watts/Hz

signals
Time == Frequency
Domain I Domain

1080

Power mpeciml deneity

250

o] : k
e 10 20 20 0 0.1 D2 03 04 056 06

Time Frequency

* Continuous (not discrete) frequency spectrum

* PSD (Power spectrum density) function, in Watts/Hz, is a
continuous function of frequency: S(f),

« Total signal power contained in the frequency band f,<f</f, (in
Watts) is given by:
(Integration, instead of summation, over the frequency range)

Components exist in both negative

S2
and positive frequencies DI
P =2 I S(fHdf
S1

RHH Slide Set 4

Watts/Hz
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Complete Fourier Analysis Example

Consider the half-wave rectified cosine signal, Figure 2.17:

Half-wave rectified cosine
A 2
:11 # CO5 ol r—;'slu-:

A
2 1] e
/\ f\_ /-\ co% dant 4 == o0 Buay
1 3

H

e
L= 1J = il they £ b L)
.? = =1

T i

Write a mathematical expression for s(t) over its period T
Compute the Fourier series for s(t) (Amplitude & Phase form)
Get an expression for the power spectral density function for s(t)
Find the total power of s(t) from the time domain

o 0o O O O

Find the order of the highest harmonic n such that the Fourier
series for s(t) contains at least 95% of the total signal power

2 Determine the corresponding effective bandwidth for the signal

s(t) ¢

4\ i VN
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Example (Cont.)

Mathematical expression for s(t):

s(t)=

[ Acos(2nf,t) ,-T/A<t < T/4

0 , T/4<t < 3THA

\

Where f, is the fundamental frequency, f, = (1/T)

s(t) 1

A

N /N VN -

RHH

1 -3T/4 | T4 ' +Ti | +3T/4 4

Slide Set 4
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Example (Cont.)

2. Fourier series

Before we start... what to expect?

s(t) 1

NT 0\ ...

=T

* DC Component?
* Even or odd function?

‘A, ?
A ?
*B ?

-3

T/4

s(?) =

T

+TM4 +31/4 5

Sine/cosine form of the Fourier Series

£)+ B, sin(2mnf,1)]

To get to the amplitude-phase form of the Fourier series, we must first obtain the sine-cosine form

RHH
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Example (Cont.)

T

2
Fourier Analysis: Ay = — | x(2)dl
0
f, = (1/T)
) T/4 o T/4
= = [s(t)dr= = 2nf, 1)dt
2 o= 57 froans
. t=T/4
_ 24  DOsin(21¢/ 7)1 _ A4, (sin( /2) - sin(-1 /2)|
i

T 5 20/T B,

gx [sin(n /2)+ sin(T /2)] = %x [2x sin(mm /2)]

24 ,assin(m /2)=1
m

s(t) 1

A

\3 \ ...

R T -3T/4| -Ti4 '+Tl4 |+3T/4 4 .
RHH Slide Set 4 46
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Example (Cont.) - %fx(t) cos(2mnf,£)dt

Fourier Analysis
(cont.): fo = (1)

2 T /4 2A T /4
A =— [ s@)cos(2nnf t)dt = — I cos(2mf t)cos(2m nf t)dt
r -T /4 I -T /4
24 Osin2r(n+ Df.t) sin@r(n-Df.0)0
_ 24 Dsm( (n+ 1f, )+ sin n Do forn#l
' g 4n(n+ 1), 41 (n - 1)f, 74
A Ucos(nm/2) - cos(nm/2)U n = 1 will be treated
= —X + fi z 1
T H (n+ 1) (n - 1) E , 10T 1 Separately later

sin(ax + bx) R sin(ax - bx)
2(a+ b) 2(a-b)

sin(x ) = cos(x - 74) From integral tables

Note: I cos(ax ) cos(bx )dx = , and

RHH Slide Set 4 47



Example (Cont.)

Fourier Analysis (cont.):

nzl
A =0 , forn oddand n # 1
4 = A 3D mEDPD forn even

"o %(n+1) ("‘1)D
A 0EDPm-D+ DEDP e+ 1)

I (n+ D)(n-1) -
CACD™ 1 s -1+ )
m(n’-1)
= 24 (- 21)(“%) , for n even
m(n”-1)

RHH Slide Set 4



Example (Cont.)

Fourier Analysis (cont.):
Forn =1, A, is obtained separately

2 Ti4 2A Ti4

A_ =— I s(t)cos(2@ x1x f H)dt = — I cos(27z f t)cos(2x f t)dt
r _Ti4 I _Ti4
B 2A Tia

— _[ cos’(2z f.1)dt

-Ti4

24 P . sin(47rfﬂt)TM . 2A>{T sin(r) — sin(—7)

— +
2 2x4xnf T |4 87 f

fo=1/T

Note: cos20 = ¥5(1 + cos 20)
RHH Slide Set 4 49



Example (Cont.) i
% I x(¢)sin(2mnf,t)dt

Fourier Analysis (cont.): ’ / \
T /4 2A T/4

B = 7% s(t)sin(2rnnf t)dt = — I cos(2nf t)sin(2m nf t )dt
_-24 Bcos(2n (n+ )f z‘) cos(2m (n - 1)f t)DT Cforn# 1

T 7 4n(n+)f, 4 (n - 1f, DT/4
=0 , forn # 1

—cos(ax +bx ) cos(ax —bx)
2(a+b) 2(a-b)

Note: Icos(bx )sin(ax )dx =

RHH Slide Set 4 50



Example (Cont.)

Fourier Analysis (cont.):
For n =1, B, is obtained separately

2 T4 ZA 714
B == j s()sinQ2z x 1xf t)dt = —— j cos(2zf t)sin(2xf t)dt
r 14 I T4
Ti4
:zi I sin(4zf t )dt
T ~-T 4
= %x[cos(élﬂfat)f;jq — %x [cos(7) - cos(—7)] = %x [cos(7) - cos(7)

=0

i.e. B_=0forall n (our function is even!)
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Example (Cont.)

Fourier Analysis (cont.):

s(1) = é‘:’ + >[4, cosQanft)+ B, sin(2znf t)]
=1
A A 24 & (—-D)®
= —+ —cos(2x f 1)+ — cos(2znf t
e R D Y e

Cy= A4, C,=+A+B =4

n >

since B, = 0 for all n

c 24 o 4
/4 2
C =0 ,n18 odd and n =1
B (1+724)
€= 24 }_,1) ,n=2,4,6,...
n(n" —1)

Note: 6. are not required for PSD and power calculations
Slide Set 4
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24 A
Example (Cont.) c.- 2, -1
C, =0 ,ni1sodd and n =1
' i C _ ZAipr ~2,4,6
3. Power Spectral Density function (PSD): . == 7= - # =% %0,
x(f)= =24 Z |C cos(2nnfyt+ 6 )
CZ
PSD = 4°><5(f)+—z C>xd(f - nf))
A° 247 & A(f - nf,)

-—X5(f)+—x5(f St

n/ 8 / m* nzZm/ (n? - 1)°

=0 (DC) n="1 n = Even
For large n, power decays L1 (1/n%)... Good or bad?
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s(t) 1

Example (Cont.)
4. Total Power: /TN N ...

(From the time domain) | + -ama 114 '+7ia [+374;

1 37/4 5 A2 T/4
P=— J’ S| dt = —x I cos’ (2 f,t)dt
T—T/4 I -T/4

7/4 Note: cos?0 = %(1 + cos 20)

A> Ot
= —X 7] +
I g2 0774
A2
- = = (.25 A2
4 — Zero

=% (A%/2) = Half the
power of a full sine wave

RHH Slide Set 4
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Example (Cont.)

5. Finding n such that we get at least 95% of the

total power:

For
2 2
U PSD, . C 4A
ERTE
2
1 Power% = 0.10141621
4 0.254

% of total
power in this
component

Slide Set 4

2
A—— 0.10144°
m°
= 40.5%
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Example (Cont.)

RHH

Finding n such that we get at least 95% of the total
power, contd.:

For

] PSD _,

1 Power% =

AL

% of total power
in these two
components

:C_()2-|-C_12: 14_2+142

4 2 m* 8
0.226A4°

oy 90.5%

Slide Set 4

= 0.2264°
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Example (Cont.)

Finding n such that we get at least 95% of the total
power, Contd.:

For
_C; C? C; _ A A 24°
= + + = + +
4 2 2 n1* 8 9r?
0.2485A4°

1 Power% = 054> = 99.419% OK!=>95%

0 PSD,_, = 0.24854°

Jn=2, and
6. the effective bandwidth is: t B
Beff = fmax - fmin 1

B,.- 2f — 0 = 2f, J

\i: O fO 2f0 3f0 f :
RHH DC Slidil setla 57




Bandwidth about a Centre Frequency

So far we have considered signals in their baseband form
(without modulation)

Data is often sent as variations in a high frequency carrier
signal having a frequency f_(modulation)

So, bandwidth (BW) of this signal occupies a range of
frequencies centred around f_

, Modulating
Carrier Slgnal

\

[BW

\ Carrier
d—r

tit

0

N T
\

With Amplitude Modulation,
For each component of the modulating signal:

2cos(2mf t)cos(2mf, t) = cos[2m (f,. - f, )t]+ cos[2m(f.+ [, )]
The larger f, the larger the BW obtainable

Largest BW obtainable for a given centre frequency f_is 2 f_

RHH
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